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Abstract
The paper is concerned with the study of the decisive dimension defined on the category of left modules over a ring R. We
compare the decisive dimension with the Gabriel dimension and other dimensions recently introduced. We give module theoretic
as well as lattice theoretic characterizations of rings with decisive dimension. As an application we obtain characterizations of
some classes of rings.
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0. Introduction
Recently, some dimensions defined by means of the lattice R-tors have been considered to obtain information
about the ring R and its category of modules. For example, in [3] we introduced a dimension called P-dimension. As
application, we obtained characterizations of rings with bijective Gabriel correspondence in terms of P-dimension.
In [4] we considered a dimension called atomic dimension. In this paper, we continue the investigation started in [3]
and [4]. In particular, for every τ ∈ R-tors we consider the modules M such that τ ∨ξ(M) is an atom over τ , and there
exists a decisive module D with χ(M) = χ(D). These modules are called τ -D-modules. In Section 1, we examine
some properties of decisive modules and τ -D-modules. In Section 2, we define the concept of decisive dimension in
terms of τ -D-modules. In this section we give module theoretic and also lattice theoretic characterizations of rings
with decisive dimension. As an application, we obtain in Section 3 a characterization of rings with local bijective
Gabriel correspondence. In Section 4, we obtain characterizations of semiartinian rings and artinian rings, in terms of
the strongly irreducible elements of R-tors. Examples are given to illustrate the theory.
Let R be an associative ring with unity, R-Mod be the category of unitary left R-modules, and R-tors be the frame
of all hereditary torsion theories on R-Mod. For a family of left R-modules {Mα}, let χ({Mα}) be the maximal element
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of R-tors for which all the Mα are torsion free, and let ξ({Mα}) denote the minimal element of R-tors for which all
the Mα are torsion. χ({Mα}) is called the torsion theory cogenerated by the family {Mα}, and ξ({Mα}) is the torsion
theory generated by the family {Mα}. In particular, the maximal element of R-tors is denoted by χ and the minimal
element of R-tors is denoted by ξ . If τ is an element of R-tors, gen(τ ) denotes the interval [τ, χ].
Let τ ∈ R-tors. By Tτ ,Fτ , tτ ,Lτ , we denote, respectively, the torsion class, the torsion free class, the torsion
functor and the linear filter associated to τ . For M ∈ R-Mod, M is called τ -cocritical if M ∈ Fτ and, for all
0 6= N ⊆ M , we have that M/N ∈ Tτ . We say that M is cocritical if M is τ -cocritical for some τ ∈ R-tors. We say
that τ ∈ R-tors is prime if τ = χ(M), where M is cocritical. We will denote by R-sp = {χ(M) | M is cocritical}.
A torsion theory τ ∈ R-tors is irreducible if for τ ′, τ ′′ ∈ R-tors with τ ′ ∧ τ ′′ = τ , we have that τ ′ = τ or τ ′′ = τ .
An element τ ∈ R-tors is strongly irreducible if for any non-empty family U ⊆ R-tors such that ∧U ≤ τ there
exists an element σ ∈ U satisfying σ ≤ τ . Strongly irreducible torsion theories are irreducible. For M ∈ R-Mod, let
E(M) denote the injective hull of M . For all other concepts and terminology concerning torsion theories and torsion
theoretic dimensions, the reader is referred to [6,7,13].
1. Decisive modules andD-modules
Definition 1.1. A non-zero left R-module M is decisive if for any element τ of R-tors, M is either τ -torsion or
τ -torsionfree.
Proposition 1.2. Let D1 and D2 be decisive modules. The following conditions are equivalent:
(1) χ(D1) = χ(D2).
(2) For each τ ∈ R-tors, D1 ∈ Tτ if and only if D2 ∈ Tτ .
Proof. (1) ⇒ (2) Let τ ∈ R-tors such that D1 ∈ Tτ . Assume that D2 6∈ Tτ . Since D2 is decisive, then D2 ∈ Fτ .
Hence τ ≤ χ(D2). Thus by (1) we obtain τ ≤ χ(D1), therefore D1 ∈ Fτ , which is a contradiction.
(2)⇒ (1) D1 ∈ Fχ(D1), then by (2) and the fact that D2 is decisive, we get D2 ∈ Fχ(D1). Hence χ(D1) ≤ χ(D2).
By symmetry, χ(D2) ≤ χ(D1). 
Proposition 1.3. If M is a decisive module and N is a proper submodule of M such that M/N ∈ Fχ(M), then M/N
is decisive and χ(M) = χ(M/N ).
Proof. Let τ ∈ R-tors. Since M is decisive, then M ∈ Tτ or M ∈ Fτ . If M ∈ Tτ , then M/N ∈ Tτ . Now suppose
that M ∈ Fτ , then τ ≤ χ(M). Also χ(M) ≤ χ(M/N ), by hypothesis. Hence τ ≤ χ(M/N ). So M/N ∈ Fτ which
proves that M/N is decisive. From Proposition 1.2 we obtain that χ(M) = χ(M/N ).
Note that the class of decisive modules is not closed under quotients. Z is a decisive Z-module, but Z/6Z is not
decisive. 
Proposition 1.4. Let P be a prime ideal of R and let C be a cocritical left R-module such that C ⊆ R/P, then C is
compressible.
Proof. Let x¯ ∈ C = I/P , define f x¯ : C → Cx¯ by f x¯ (y¯) = y¯ x¯ . Since Cx¯ ⊆ C and C is cocritical, we have that
f x¯ = 0 or f x¯ is a monomorphism.
Now, let 0 6= C ′ ⊆ C . Suppose that Cx¯ = 0 for all x¯ ∈ C ′. Hence C(Rx¯) = 0, then (I/P)(R(x + P)) = 0. So
I Rx ⊆ P . Since P is a prime ideal, I ⊆ P or Rx ⊆ P . Therefore C = 0 or x = 0, a contradiction. So there exists
0 6= x¯ ∈ C ′ such that Cx¯ 6= 0. Hence the composition C f x¯→Cx¯ ↪→ Rx¯ ↪→ C ′ is a monomorphism. Therefore C is
compressible. 
Examples 1.5. (1) Each compressible module is decisive.
(2) If R is a commutative ring and P is a prime ideal of R, then R/P is decisive as an R-module and also as an
R/P-module.
(3) R is decisive if and only if τ ≤ χ(R) for every τ ∈ R-tors, τ 6= χ . See [6].
(4) Let V be an infinite dimensional vector space over a field K . Let R = EndK (V ) and let τsp be the element of R-tors
whose torsion class is Tτsp = {M ∈ R-mod | M is semisimple and projective}. Then 0 6= tτsp(R) = soc(R) 6= R,
hence R is not decisive. On the other hand, R is a prime ring. So, it is not in general true that if P is a prime ideal
of R, then R/P is decisive.
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(5) Let τ ∈ R-tors. Then τ is strongly irreducible if and only if there exists a decisive module M such that τ = χ(M).
(See [6, Proposition 32.7]).
(6) A left R-module is decisive if and only if ξ(M) = ξ(N ) for every non-zero submodule N of M .
Definition 1.6. Let τ ∈ R-tors, τ 6= χ and M ∈ R-Mod. We say that M is a τ -A-module if M ∈ Fτ and τ ∨ ξ(M) is
an atom in gen(τ ). (See [4] for details about these modules.)
Let us denote D = {χ(D) | D is decisive}.
A module M is called an A-module if there exists τ ∈ R-tors such that M is a τ -A-module. Notice that
D ⊆ A = {χ(M) | M is an A-module}. (See [3].)
Definition 1.7. Let τ ∈ R-tors and M ∈ R-Mod; M is called a τ -D-module if M is a τ -A-module and χ(M) ∈
D.
Example 1.8. (a) If M is a simple module, then M is τ -D-module for all τ such that M ∈ Fτ .
(b) If M is decisive, then M is a χ(M)-D-module.
(c) Let F be a field and let R =
{(
x y
0 x
)
| x, y ∈ F
}
. Now, let M =
{(
a
b
)
| a, b ∈ F
}
and let S =
{(
a
0
)
| a ∈ F
}
.
Then M is a left R-module and S is a submodule of M . Notice that M/S ∼= S, then M is a decisive module but M
is not a cocritical module.
As a consequence of the theory developed in [4] for τ -A-modules, we have the following results for τ -D-
modules.
Proposition 1.9. If M is a τ -D-module, then:
(1) Every non-zero submodule N of M is a τ -D-module.
(2) If σ ∈ gen(τ ) and M ∈ Fσ , then M is a σ -D-module.
(3) Let N be a proper submodule of M such that M/N ∈ Fτ , then M/N is a τ -D-module and χ(M) = χ(M/N ).
(4) If σ ∈ R-tors and M ∈ Tσ , then M is a (τ ∧ σ) -D-module.
(5) M (X) is a τ -D-module for any non-empty set X.
Proposition 1.10. If {Mα}α∈I is a family of τ -D-modules such that χ(Mα) = χ(Mβ)∀α, β ∈ I , then ⊕α∈I Mα is a
τ -D-module.
Proof. For any β ∈ I , χ(Mβ) = ∧α∈I χ(Mα) = χ(⊕α∈I Mα) by hypothesis. Hence χ(⊕α∈I Mα) ∈ D. By [4,
Corollary 2.16], we have that τ ∨ ξ(Mα) = τ ∨ ξ(Mβ)∀α, β ∈ I . Hence ∀β ∈ I , τ ∨ ξ(Mβ) = ∨α∈I (τ ∨ ξ(Mα)) =
τ ∨ (∨α∈I ξ(Mα)) = τ ∨ ξ(⊕α∈I Mα). So, ⊕α∈I Mα is a τ -A-module. Thus ⊕α∈I Mα is a τ -D-module. 
Proposition 1.11. Let M ∈ R-Mod. Then the following conditions are equivalent.
(1) M is a ξ -D-module.
(2) There exists a simple left R-module S such that ξ(M) = ξ(S) and χ(M) = χ(S).
Proof. (1)⇒ (2) If M is a ξ -D-module, then ξ(M) is an atom of R-tors. Hence there exists a simple left R-module S
such that ξ(M) = ξ(S). Now, by [4, Corollary 2.16] we have that χ(M) = χ(S).
(2)⇒ (1) It is clear. 
Definition 1.12. A left R-module M is called a D-module if there exists τ ∈ R-tors such that M is a τ -D-module.
From Proposition 1.9(2), we obtain that M is a D-module if and only if M is a χ(M)-D-module.
Proposition 1.13. M is a D-module if and only if χ(M) ∈ D and χ(M) ∨ ξ(N ) = χ(M) ∨ ξ(M) for all non-zero
submodules N of M.
Proof. (⇒) Since M is aD-module, then M is a χ(M)-D-module. Therefore χ(M) ∈ D and M is a χ(M)-A-module.
Hence for any non-zero submodule N of M , we have that χ(M) ∨ ξ(N ) = χ(M) ∨ ξ(M).
(⇐) It is enough to show that χ(M) ∨ ξ(M) is an atom in gen(χ(M)). Let τ ∈ R-tors such that χ(M) <
σ ≤ χ(M) ∨ ξ(M). Hence tσ (M) 6= 0. So, χ(M) ∨ ξ(tσ (M)) ≤ σ ≤ χ(M) ∨ ξ(M). We can conclude that
σ = χ(M) ∨ ξ(M) by hypothesis. Thus M is a χ(M)-A-module. 
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Proposition 1.14. Let τ ∈ R-tors and let M be a τ -D-module. Denote F = {N ⊆ M | N is decisive}, then
D =∑N∈F N is a decisive essential submodule of M.
Proof. Since M is a τ -D-module, there exists a decisive module K such that χ(M) = χ(K ), hence
HomR(K , E(M)) 6= 0. So there exist submodules D′ ⊂ D′′ ⊆ K and a monomorphism D′′/D′ ↪→ M . Thus
D′′/D′ is decisive by Proposition 1.3. So F 6= ∅. Let D = ∑N∈F N . Assume that D is not essential in M . Then
there exists a non-zero pseudo-complement T of D in M , hence T contains a decisive submodule as we have already
proved, a contradiction.
Finally, let D = ⊕N∈F N . For all N ∈ F , χ(N ) = χ(M) by Proposition 1.9(1). Hence D is decisive by
Proposition 1.2. Notice that χ(D) = χ(M). Since D ⊆ M and D is a quotient of D, we have that D is decisive
by Proposition 1.3. 
Examples 1.15. (1) Let R be the ring considered in Examples 1.5(4). Since R is a prime ring, then R is a χ(R)-A-
module by Propositions 2.20 and 1.21 of [4]. Now let S be a simple submodule of R, hence χ(S) = χ(R) by
Corollary 2.17 of [4]. From the fact that S is decisive, we have that χ(R) = χ(S) ∈ D. Thus R is a D-module. This
example shows that a D-module is not necessarily decisive.
(2) Let R =
(
Q 0
R R
)
and let S =
(
0 0
R 0
)
. Then S is a non-singular simple left R-module. The injective hull of S
can be described as E(S) =
(
R 0
R 0
)
. Since E(S)/S is a singular left R-module, then ξ(S) < ξ(E(S)). Hence S is a
ξ -D-module but E(S) is not a ξ -D-module. This shows that the class of τ -D-modules is not closed under injective
hulls.
2. Decisive dimension
We will use the D-modules in order to define the decisive dimension in R-Mod.
Let τ ∈ R-tors. The D-filtration of τ in R-tors is defined as follows:
1. δ0 = τ .
2. If i is not a limit ordinal, then
δi = δi−1 ∨ ξ({M | M is a δi−1-D-module}).
3. If i is a limit ordinal, then δi = ∨ j<i δ j .
Since R-tors is a set, there exists a minimal ordinal k such that δk = δk+r for all ordinals r .
Definition 2.1. A non-zero left R-module M is said to have τ -decisive dimension equal to an ordinal h if M is
δh-torsion, but it is not δi -torsion for any i < h. The ring R is said to have left τ -decisive dimension if it has
τ -decisive dimension as left R-module. We will denote the τ -decisive dimension (if it exists) of M ∈ R-Mod by
τ -D dim(M). The ξ -decisive dimension of an R-module is simply called the decisive dimension of the module. Notice
that τ -D dim(R) = k if and only if δk = χ .
We recall that left semiartinian rings are characterized by the fact that ξ(R-simp) = χ .
As a direct consequence of the definition, we have the following result.
Proposition 2.2. Let 0 → M ′ → M → M ′′ → 0 be an exact sequence in R-mod. Then τ -D dim(M) =
sup
{
τ -D dim(M ′), τ -D dim(M ′′)} provided that either side exists.
In the next result we give equivalent conditions for R to have left τ -decisive dimension.
Theorem 2.3. Let τ ∈ R-tors, τ 6= χ . The following conditions are equivalent.
(1) R has left τ -decisive dimension.
(2) For all σ , σ ′ ∈ gen(τ ) with σ < σ ′, there exists a σ -A-module M such that M ∈ Tσ ′ and M is decisive.
(3) For all σ ∈ gen(τ ) with σ 6= χ , σ = ∧{χ(M) | M is decisive σ -A-module}.
(4) For all σ ∈ gen(τ ) with σ 6= χ , there exists a σ -A-module M such that M is decisive.
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Proof. (1)⇒ (2) Let σ , σ ′ ∈ gen(τ ) such that σ < σ ′ ≤ χ .
Since R has τ -decisive dimension, then there exists a minimal ordinal i such that σ ′∧δi 6≤ σ . If i is a limit ordinal,
then σ ′∧ δi = σ ′∧ (∨ j<i δ j ) = ∨ j<i (σ ′∧ δ j ) 6≤ σ . This contradicts the choice of i . Therefore i is not a limit ordinal.
On the other hand, σ ′∧ δ0 = σ ′∧ τ = τ ≤ σ . So i ≥ 1. Now let N ∈ Tσ ′∧δi ∩Fσ . From the inequality σ ′∧ δi−1 ≤ σ
we get N ∈ Fσ ′∧δi−1 . Since N ∈ Tσ ′∧δi , then N ∈ Fδi−1 ∩ Tδi . As δi = δi−1 ∨ ξ {M | M is δi−1-D-module}, there
exists a δi−1-D-module M such that HomR(M, E(N )) 6= 0. So there are submodules H , K of M with K ⊂ H ⊆ M
and a monomorphism H/K ↪→ N . Since M is a δi−1-D-module and N ∈ Fδi−1 , then H/K is a δi−1-D-module by
Proposition 1.9(3).
On the other hand H/K ∈ Tσ ′, hence H/K is a δi−1 ∧ σ ′-D-module by Proposition 1.9(4). As δi−1 ∧ σ ′ ≤ σ and
H/K ∈ Fσ , H/K is a σ -D-module by Proposition 1.9(2). Since M is a δi−1-D-module there exists a decisive module
D such that χ(M) = χ(D). From Proposition 1.9(3) we obtain χ(M) = χ(H) = χ(H/K ) ≥ σ . Thus D ∈ Fσ .
Now denote U = H/K . Then there exist submodules V ⊂ W ⊆ U and a monomorphism W/V ↪→ D. Since U is a
σ -D-module and D ∈ Fσ , then W/V is a σ -D-module by Proposition 1.9(3). So W/V is the decisive σ -A-module
we were looking for.
(2)⇒ (3) Let σ ∈ gen(τ ) and let σ ′ = ∧{χ(M) | M is decisive σ -A-module}. Then σ ≤ σ ′. If σ < σ ′, then there
exists a decisive module M such that M is a σ -A-module and M ∈ Tσ ′ , which is a contradiction.
(3)⇒ (4) It is clear.
(4)⇒ (1) Suppose R does not have τ -decisive dimension and let k be the minimal ordinal such that δk = δk+i for
all ordinal i . Hence δk < χ . By (4), there is a decisive module M such that M is a δk-A-module. Therefore M is a
δk-D-module. So M ∈ Tδk+i = Tδk , which is a contradiction. 
Corollary 2.4. If R has τ -D-dimension and σ ∈ gen(τ ), then R has σ -D-dimension.
A special case for R to have decisive dimension is considered in the next result.
Proposition 2.5. Suppose R-tors is an artinian lattice. Then for all τ ∈ R-tors, R has left τ -D-dimension.
Proof. Let τ ∈ R-tors and σ ∈ gen(τ ). Since R-tors is artinian, then gen(τ ) is artinian. So there exists σ ′ ∈ R-tors
such that σ ′ is an atom of gen(σ ). Now let M be a σ -A-module such that σ ′ = σ ∨ ξ(M). If M is decisive, then R
has left τ -D dim by Theorem 2.3. If M is not decisive, then there exists τ1 ∈ R-tors such that 0 6= tτ1(M) ⊂ M . If
tτ1(M) is not decisive, then there exists τ2 ∈ R-tors such that 0 6= tτ2 tτ1(M) ⊂ tτ1(M) ⊂ M . Continuing this process
we obtain a chain of submodules M ⊃ tτ1(M) ⊃ tτ2 tτ1(M) ⊃ · · · ⊃ (tτk tτk−1 . . . tτ1(M)) . . ..
Notice that for each k, (tτk tτk−1 . . . tτ1)(M) = tτ1∧···∧τk (M). Hence we obtain a strictly descending chain in
R-tors τ1 > τ1 ∧ τ2 > · · · > τ1 ∧ · · · ∧ τk . . .. So there exists n ∈ N such that the chain stops at step n. Thus
t∧ni=1 τi (M) is a decisive submodule of M . This completes the proof. 
Corollary 2.6. Let R be a ring such that R-tors is a finite set. Then for all τ ∈ R-tors, τ 6= χ , R has τ -D-dimension.
Note that the converse of Proposition 2.5 is not true in general. It is clear that Z has left decisive dimension, but
Z-tors is not an artinian lattice.
Remark 2.7. In [4] we discussed a torsion theoretic dimension that we called atomic dimension. In order to define
the τ -atomic dimension, we considered a filtration in R-tors as follows:
(i) α0 = τ .
(ii) If i is not a limit ordinal, then
αi = αi−1 ∨ ξ{M | M is an αi−1-A-module}.
(iii) If i is a limit ordinal, then αi = ∨ j<i α j .
The dimension associated to this filtration is called the τ -atomic dimension.
Among other results we proved in [4]:
(1) R has left τ -atomic dimension if and only if, for all σ , σ ′ ∈ gen(τ ) with σ < σ ′, there exists a σ -A-module M
such that M ∈ Tσ ′ .
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(2) If R has left τ -atomic dimension, then every element σ ∈ gen(τ ), σ 6= χ , uniquely decomposes as the meet of an
irredundant family of irreducible elements of gen(τ ).
Theorem 2.8. Let τ ∈ R-tors and suppose R has left τ -decisive dimension. Then the following conditions hold.
(1) Every 0 6= M ∈ Fτ contains a decisive submodule N such that N is a χ(M)-A-module.
(2) For all σ ∈ gen(τ ), σ = τ ∨ ξ {M | M is decisive and N ∈ Tσ }.
(3) R has left τ -atomic dimension.
(4) Let σ ∈ gen(τ ), σ 6= χ . Then σ is an irreducible element of R-tors if and only if σ is strongly irreducible.
Proof. (1) Let 0 6= M ∈ Fτ . Then χ(M) ∈ gen(τ ), hence there exists a χ(M)-A-module N such that N is
decisive by Theorem 2.3(4). So M contains a non-zero submodule K isomorphic to a subquotient of N . From [4,
Corollary 2.16] and Proposition 1.3, we obtain that K is a decisive χ(M)-A-module.
(2) Let σ ∈ gen(τ ). Denote σ ′ = τ ∨ ξ({M | M is decisive and M ∈ Tσ }). If σ ′ < σ , then there exists a decisive
σ ′-A-module N such that N ∈ Fσ by Theorem 2.3(2), a contradiction. So σ ′ = σ .
(3) It follows from (1).
(4) It follows from (3), [4, Proposition 3.6], and (1). 
In the following result we give a purely lattice theoretic characterization of rings with left τ -decisive dimension.
Theorem 2.9. Let τ ∈ R-tors. Then the following conditions are equivalent.
(1) R has left τ -decisive dimension.
(2) Every element σ ∈ gen(τ ), σ 6= χ , uniquely decomposes as the meet of an irredundant family of strongly
irreducible elements of gen(τ ).
(3) Every σ ∈ gen(τ ), σ 6= χ , decomposes as the meet of an irredundant family of strongly irreducible elements of
gen(τ ).
Proof. (1)⇒ (2) By (1) and Theorem 2.8(3), we have that R has left τ -atomic dimension. Hence every σ ∈ gen(τ ),
σ 6= χ , uniquely decomposes as the meet of an irredundant family of irreducible elements in gen(τ ), by Remark 2.7,
(2). From Theorem 2.8(4), we know that every irreducible element of gen(τ ) is strongly irreducible. The uniqueness
follows from the fact that every strongly irreducible element of R-tors is irreducible.
(2)⇒ (3) Clear.
(3) ⇒ (1) Let σ ∈ gen(τ ), σ 6= χ and let {χ(Mα)}α∈I be a family of strongly irreducible elements of
gen(τ ) such that σ = ∧α∈I {χ(Mα)}. We can suppose that for all α ∈ I , Mα is a decisive module by [6,
Proposition 32.7, (3)]. Let β ∈ I ; we claim that Mβ is a σ -A-module. Since Mβ is decisive and the family
{χ(Mα)}α∈I is irredundant, then Mβ ∈ Tχ(Mα) for all α 6= β. Hence σ < σ ∨ ξ(Mβ) ≤ ∧α 6=β χ(Mα). So we have
σ = σ ∧ χ(Mβ) ≤
[
σ ∨ ξ(Mβ)
]∧ χ(Mβ) ≤ [∧α 6=β χ(Mβ)]∧ χ(Mβ) = σ . Therefore [σ ∨ ξ(Mβ)]∧ χ(Mβ) = σ .
Since R-tors is a distributive lattice, we obtain that ξ(Mβ) ∧ χ(Mβ) ≤ σ . Since Mβ is decisive, then Mβ is a
χ(Mβ)-A-module. Therefore Mβ is a χ(Mβ)∧ ξ(Mβ)-A-module by [4, Proposition 2.8, (2)]. Inasmuch as Mβ ∈ Fσ
and ξ(Mβ) ∧ χ(Mβ) ≤ σ , we obtain that Mβ is a σ -A-module by [4, Proposition 2.8, (1)]. Thus the claim is proved.
Finally, the result follows from Theorem 2.3(4). 
An important concept of dimension in ring theory is the τ -Gabriel dimension. See [6] for details about this
dimension. In [4] we discussed some relations between τ -atomic dimension and τ -Gabriel dimension. Among other
things we proved that if R has left τ -Gabriel dimension, then R has left τ -atomic dimension. In the following examples
we will show that the condition “every proper element of gen(τ ) uniquely decomposes as the meet of an irredundant
family of irreducible elements of gen(τ )” does not characterize rings with τ -Gabriel dimension nor rings with τ -
atomic dimension.
Example 2.10. If R is any non-discrete rank 1 valuation domain, then R-tors = {ξ, χ(R), χ} and so R has atomic
dimension. We also observe that R has decisive dimension by Corollary 2.6. However, as pointed out in [9, page
470], R fails to have Gabriel dimension. Note that in this example every element of R-tors is irreducible. See also [4,
Example 4.10].
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Example 2.11. This example was provided to us by Professor Mark L. Teply in a personal communication.
Let [0, 1] and {0, 1} be the closed real interval and a set with two elements 0 < 1 respectively. Now let
X = [0, 1]× {0, 1}. Define (a, b) ≤ (c, d) if a < c or a = c and b ≤ d.
Then (X,≤) satisfies the conditions of [10, Theorem 3.1]. Hence there exists a commutative Bezout domain R
such that Spec(R) ∼= X (as partially ordered sets).
The following facts are true.
(1) R is a valuation domain.
(2) R has a unique maximal ideal M that corresponds to the element (1, 1) of X .
(3) Let P be a prime ideal. If 0 6= P 6= M , then P is not finitely generated.
(4) Let P ∈ Spec(R). Then (∩n∈N Pn) ∈ Spec(R). If P 6= P2, then ∩n∈N Pn is the maximal prime ideal properly
contained in P .
(5) If P is the prime ideal associated to the element (r, 0), then P is idempotent.
Let P ∈ Spec(R). We denote by σp the element of R-tors such that Lσp = {I | I is an ideal of R and P ⊂ I }.
If P = P2, we denote τP the element of R-tors such that Lτp = {I | I is an ideal of R and P ⊆ I }.
(6) By [2, Theorem 3.3] we know that if τ ∈ R-tors, then either
(i) there exists P ∈ Spec(R) such that τ = σp, or
(ii) there exists P ∈ Spec(R) with P = P2 and τ = τP .
(7) Let P ∈ Spec(R). Then
(i) R/P is a σP -cocritical module.
(ii) If P = P2, then τP does not have cocritical modules. Hence R does not have τp-G dim.
(8) Let P be the prime ideal associated to (r, 0). Then gen(τP ) does not have atoms and hence R does not have
τP -A dim. Also notice that every ρ ∈ R-tors is irreducible, but τP is not strongly irreducible.
Example 2.12. In this example we show the existence of a ring R with the property that R has left Gabriel dimension
and hence R has left atomic dimension but R does not have left decisive dimension. The ring involved was constructed
by Goodearl [8] to answer a Goldie’s question.
Let K be a field of characteristic zero, and let S = K [[t]] be the formal power series ring over K in an indeterminate
t . Define a K -linear derivation δ on S as follows:
δ
( ∞∑
n=0
αn t
n
)
=
∞∑
n=0
nαn t
n .
Then let R = S [θ ] be the formal linear differential operator ring with right-hand coefficients.
Goodearl shows that R is a left and right noetherian ring and S may be made into a left R-module that is isomorphic
to the cyclic left R-module R/Rθ . The lattice of R-submodules of S is S > St > St2 > . . ..
The non-zero R-submodules of S are pairwise non-isomorphic and the simple subfactors of this module are
pairwise non-isomorphic. See [8] for details.
Now we claim that S does not contain decisive R-submodules. To see this, we will show that ξ(Stn+1) < ξ(Stn)
for all n = 0, 1, . . .. Assume that ξ(Stn+1) = ξ(Stn) for some n. Then Stn/Stn+1 ∈ Tξ(Stn+1). Therefore
Hom(Stn+1, E(Stn/Stn+1)) 6= 0. Hence there exist submodules 0 6= C ′ ⊂ C ⊆ Stn+1 such that C/C ′ is isomorphic
to Stn/Stn+1. This is not possible. So ξ(Stn+1) < ξ(Stn) for all n = 0, 1, . . .. Thus S does not contain decisive
R-submodules by Examples 1.5(6). Since R is a left noetherian ring, then R has left Gabriel dimension and hence
R has left atomic dimension by [4, Proposition 4.2]. On the other hand, R does not have left decisive dimension by
Theorem 2.8.
We also note the following. Let τ = χ(S) ∈ R-tors, then R has left τ -Gabriel dimension and left τ -atomic
dimension, but R does not have τ -decisive dimension. Since S is a τ -cocritical module, then τ is an irreducible
element of R-tors, but τ is not strongly irreducible.
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3. D-ass
In this section we associate to each module M a set of hereditary torsion theories; the elements in this set are called
D-associated to M . As usual ass(M) will denote the set of prime ideals associated to M .
Definition 3.1. Let M ∈ R-Mod. We denote by D-ass(M) = {τ ∈ D| there is a submodule N of M such that N is
τ -D-module}.
Notice that if M is a D-module, then D-ass(M) = {χ(M)}, by [3, Proposition 1.6].
In the next proposition we will give some properties of D-ass that are not difficult to prove.
Proposition 3.2. Let M ∈ R-Mod. Then the following conditions hold.
(1) For any submodule N of M, D-ass(N ) ⊆ D-ass(M) ⊆ D-ass(N ) ∪D-ass(M/N ).
(2) If M = ⊕Mi , then D-ass(M) = ∪D-ass(Mi ).
(3) If N is an essential submodule of M, then D-ass(N ) = D-ass(M).
(4) If M is uniform and D-ass(M) 6= ∅, then D-ass(M) is a singleton.
Proposition 3.3. Let τ ∈ R-tors. If R has left τ -D dim, then D-ass(M) 6= ∅ for all 0 6= M ∈ Fτ .
Proof. Let 0 6= M ∈ Fτ . Since R has τ -D dim, there exists a decisive module D such that D is a χ(M)-A-module
by Theorem 2.3(4). Hence D ∈ Fχ(M). Therefore HomR(D, E(M)) 6= 0, so there are submodules D′′, D′ of D with
D′′ ⊂ D′ ⊆ D and a monomorphism D′/D′′ ↪→ M . Inasmuch as D′/D′′ ∈ Fχ(M), then χ(D′/D′′) = χ(D) by
Proposition 1.9(3). Thus χ(D′/D′′) ∈ D-ass(M).
D-ass(M) can be the empty set as the following examples show. 
Example 3.4. (1) Let R = Zℵ02 /Z(ℵ0)2 and let Q be the maximal ring of quotients of R. Denote by τg(R) and τg(Q)
the Goldie torsion theory in R and Q respectively. In [4, Example 4.11], we showed that gen(τg(R)) and gen(τg(Q))
do not contain atoms. Since gen(τg(R)) and gen(τg(Q)) are boolean lattices, then for each σ ∈ gen(τg(R)) or
σ ∈ gen(τg(Q)), the lattice gen(σ ) is boolean and atomless. So we can conclude that D-ass(M) = ∅ for every
0 6= M ∈ Fσ .
(2) Let R and S be the ring and the module considered in Example 2.12. Since S does not contain decisive
submodules, then D-ass(S) = ∅.
We denote by Eτ a complete set of representatives of isomorphism classes of indecomposable τ -torsion free
injective modules.
Let Dτ = {χ(D) | D is decisive and D ∈ Fτ }.
Let E ∈ Eτ , we denote by µE the unique element (when it exists) of R-tors such that D-ass(E) = {µE }.
Theorem 3.5. Let τ ∈ R-tors and suppose R has left τ -G dim. The following conditions are equivalent.
(1) The assignment ϕτ : Eτ → Dτ defined by ϕτ (E) = µE is a bijective function.
(2) D-ass(M) 6= ∅ for every non-zero τ -torsion free module M.
(3) Dτ = gen(τ ) ∩ R-sp.
(4) R has left τ -D dim.
(5) Every non-zero τ -torsion free module M contains a decisive submodule.
Proof. (1) ⇒ (2). Let 0 6= M ∈ Fτ . Since R has left τ -G dim, then M contains a cocritical submodule C . Hence
E(C) ∈ Eτ . Therefore ϕτ (E(C)) is defined by (1). Thus ϕτ (E(C)) ∈ D-ass(E(C)) = D-ass(C) ⊆ D-ass(M).
(2)⇒ (3). Let σ ∈ Dτ . Then there exists a decisive module D such that σ = χ(D). By hypothesis, D contains a
cocritical submodule C . Therefore χ(C) = χ(D). So σ ∈ gen(τ ) ∩ R-sp. Now let σ ∈ gen(τ ) ∩ R-sp. Then there
exists a cocritical module C such that σ = χ(C). So D-ass(C) 6= ∅ by (2). Hence there exist ρ ∈ D-ass(C) and a
submodule C ′ of C such that C ′ is a ρ-D-module. Since ρ ∈ D ⊆ A, then ρ = χ(C ′) by [3, Proposition 1.6]. Finally
note that ρ = χ(C ′) = χ(C) = σ . Thus σ ∈ Dτ .
(3) ⇒ (4) Let σ ∈ gen(τ ). Since R has left τ -G dim, then there exists a σ -cocritical module C . So χ(C) ∈
R-sp ∩ gen τ . Therefore χ(C) ∈ Dτ by (3). Hence there exists a decisive τ -torsion free module D such that
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χ(C) = χ(D). Since R has left τ -G dim, there exists a cocritical submodule C ′ of D. Therefore χ(C) = χ(C ′).
The cocriticalness of C ′ implies that there exists a non-zero submodule C ′′ of C ′ that is isomorphic to a submodule of
C . Therefore R has left τ -D dim by Theorem 2.3(4).
(4)⇒ (1) ϕτ is a well defined function by (4) and Proposition 3.3. Now we let E , E ′ ∈ Eτ such that µE = µE ′ .
Then there exist submodules N , N ′ of E and E ′ respectively with the property that N is a µE -D-module and N ′
is a µE ′ -D-module. We can assume that N and N ′ are cocritical by hypothesis. On the other hand, we know that
µE , µE ′ ∈ D ⊆ A. So χ(N ) = µE and χ(N ′) = µE ′ by [3, Proposition 1.6]. Therefore χ(N ) = χ(N ′). Thus
E = E(N ) ∼= E(N ′) = E ′. Now let σ ∈ Dτ , then there exists a τ -torsion free decisive module D such that
σ = χ(D). We can assume D is cocritical. Hence E(D) ∈ Eτ . Since D-ass(D) = D-ass(E(D)), we have that
ϕτ (E(D)) = χ(D) = σ .
(2)⇒ (5) Let 0 6= M ∈ Fτ . We can assume that M is cocritical. D-ass(M) 6= ∅ by (2). Let σ ∈ D-ass(M), then
there exists a submodule N ⊆ M such that N is a σ -D-module. Since N is cocritical and σ ∈ D ⊆ A, then σ = χ(N )
by [3, Proposition 1.6]. Since σ ∈ D, there exists a decisive module D such that σ = χ(D). Then there is a non-zero
submodule N ′ of N and a monomorphism N ′ ↪→ D. Thus N ′ is a decisive submodule of M .
(5)⇒ (2) Let 0 6= M ∈ Fσ , then M contains a decisive submodule D by (5). Therefore χ(D) ∈ D-ass(M).
Let us denote P = {χ(R/P) | P is a prime ideal of R}. 
Definition 3.6. Let τ ∈ R-tors and M ∈ R-Mod, M is called τ -P-module if M is a τ -A-module and χ(M) ∈ P , [3].
The P-filtration of τ ∈ R-tors is defined to be a chain pi0 ≤ pi1 ≤ · · · ≤ pii ≤ . . ., satisfying the following
conditions:
1. pi0 = τ .
2. If i is not a limit ordinal, then pii = pii−1 ∨ ξ({M | M is a pii−1-P-module}).
3. If i is a limit ordinal, then pii = ∨ j<i pi j .
The dimension associated to this filtration is called the τ -P-dimension. See [3] for details.
Proposition 3.7. Let τ ∈ R-tors and suppose R has left τ -G dim. If R has left τ -P dim, then R has left τ -D dim.
Proof. Let σ ∈ gen(τ ). Since R has left τ -P- dim, then there exists a σ -P-module M . So χ(M) = χ(R/P) for some
prime ideal P . By hypothesis, there are cocritical modules C and C ′ such that C ⊆ M and C ′ ⊆ R/P . Therefore
χ(C) = χ(C ′). Then there is a non-zero submodule C ′′ of C and a monomorphism C ′′ ↪→ C ′. So C ′′ is a decisive
module by Proposition 1.4. Hence C ′′ is a decisive σ -A-module. Thus R has left τ -D dim by Theorem 2.3.
In the next example, we show that the converse of Proposition 3.7 is not in general true. 
Example 3.8. LetC denote the ring of differential polynomials studied by Cozzens in [5] and let F be the left classical
ring of quotients of C . Then let R =
(
C F
O F
)
. Let M be a maximal left ideal of C , then observe that up to isomorphism
S1 = R/
(
M F
O F
)
and S2 = R/
(
C F
O O
)
are the only simple left R-modules.
Spec(R) =
{
P1 =
(
O F
O F
)
, P2 =
(
C F
O O
)}
.
Notice that R-tors = {ξ, σ1, σ2, σ1 ∨ σ2, τ, χ}, where σ1 = ξ(S1), σ2 = ξ(S2) = χ(S1), σ1 ∨ σ2 = χ(R/P1),
τ = χ(R/P2) = χ(S2).
The P-filtration of ξ in R-tors is {ξ < σ2}. Therefore R does not have left P-dimension.
The Gabriel filtration of ξ in R-tors is {ξ < (σ1 ∨ σ2) < [(σ1 ∨ σ2) ∨ ξ (R/P1)] = χ}. Therefore R has left
Gabriel dimension. On the other hand, R-tors is a finite set, so by Corollary 2.6, R has left decisive dimension.
Finally note that P = {χ(R/P1), χ(R/P2)} and D = {χ(S1), χ(S2), χ(R/P1)}.
In the next result, we show that the condition Dτ = Pτ is necessary to obtain the equivalence in Proposition 3.7.
Proposition 3.9. Let τ ∈ R-tors and suppose R has left τ -G dim. Then the following conditions are equivalent.
(1) R has left τ -P dim.
(2) R has left τ -D dim and Dτ = Pτ .
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Proof. (1) ⇒ (2) It is enough to show that Dτ = Pτ by Proposition 3.7. Let χ(D) ∈ Dτ with D decisive. Since R
has left τ -P dim, there exists M ∈ R-Mod such that M is a χ(D)-P-module. The fact that M and D are A-modules
implies χ(M) = χ(D) by [3, Proposition 1.6]. On the other hand we know that χ(M) ∈ P , hence χ(D) ∈ Pτ . Thus
Dτ ⊆ Pτ .
Now let χ(R/P) ∈ Pτ with P a prime ideal of R. Since R has τ -G dim, then R/P contains a cocritical module C
that is decisive by Proposition 1.4. So χ(C) = χ(R/P) ∈ Dτ , hence Pτ ⊆ Dτ .
(2) ⇒ (1) Let σ ∈ gen(τ ), σ 6= χ . As R has left τ -D dim, there exists a decisive module D such that D is a
σ -A-module. Therefore D ∈ Dτ ⊆ Pτ . So D is a σ -P-module. Thus R has left τ -P dim by [3, Proposition 2.5].
Let Specτ (R) be the set of τ -pure prime ideals of R. In [1], for rings with τ -Krull dimension and then in [3] for rings
with τ -Gabriel dimension, it was determined when Spec(R) is large enough for the assignment φτ : Eτ → Specτ (R)
defined by φτ (E) = PE (where PE denotes the unique prime associated to E), to be a bijection. We will say that R
has local bijective Gabriel correspondence with respect to τ if φτ is a bijective function.
The following result characterizes rings with local bijective Gabriel correspondence with respect to τ in terms of
τ -decisive dimension and the family Dτ . 
Theorem 3.10. Let τ ∈ R-tors and suppose R has left τ -G dim. Then the following conditions are equivalent.
(1) R has local bijective Gabriel correspondence with respect to τ .
(2) R has left τ -D dim and Dτ = Pτ .
(3) For all 0 6= M ∈ Fτ , D-ass(M) = {χ(R/P) | P ∈ ass(M)} 6= ∅.
(4) Every 0 6= M ∈ Fτ contains a decisive submodule and Dτ = Pτ .
Proof. (1) ⇒ (2) By (1) and [3, Theorem 3.3] we have that R has left τ -P dim. Therefore R has left τ -D dim and
Dτ = Pτ by Proposition 3.7.
(2) ⇒ (3) Let 0 6= M ∈ Fτ . Hence D-ass(M) 6= ∅ by (2) and Proposition 3.3. Let σ ∈ D-ass(M); therefore,
there exists a submodule N of M such that N is σ -D-module. Since σ ∈ D, then σ = χ(N ) ∈ Dτ . Therefore
σ ∈ Pτ by (2). Hence N is a σ -P-module and σ ∈ P-ass(M). Thus P-ass(M) 6= ∅ for all M ∈ Fτ . Therefore
P-ass(M) = {χ(R/P) | P ∈ ass(M)} 6= ∅ by [3, Theorem 3.3].
Now let σ ∈ P-ass(M), then σ ∈ Pτ = Dτ . So there exists a σ -D-module N and σ ∈ χ(N ) by [3, Proposition 1.6].
Therefore σ ∈ D-ass(M) and thus D-ass(M) = P-ass(M) = {χ(R/P) | P ∈ ass(M)}.
(3)⇒ (1) Let M ∈ Fτ and σ ∈ D-ass(M), then there exist a submodule N of M and a prime ideal P of R such
that χ(N ) = σ = χ(R/P) by (3). So N is a σ -P-module.
Hence σ ∈ P-ass(M). Thus R has local bijective Gabriel correspondence with respect to τ by [3, Theorem 3.3].
(2)⇒ (4) Clear.
(4) ⇒ (2) Let 0 6= M ∈ Fτ . By (2), M contains a decisive submodule D. Hence χ(D) ∈ Dτ = Pτ . So
χ(D) ∈ P-ass(M). Therefore R has left τ -P dim by [3, Theorem 3.3]. Finally, R has left τ -D dim by Proposition 3.7.

As a consequence of Theorem 3.10 and [3, Theorem 3.3], we obtain a new characterization of left fully bounded
noetherian rings.
Corollary 3.11. Let R be a left noetherian ring. Then the following conditions are equivalent.
(1) R is a left fully bounded noetherian ring.
(2) R has left D-dim and D = P .
(3) For all 0 6= M ∈ R-mod, D-ass(M) = {χ(R/P) | P ∈ ass(M)}.
(4) Every 0 6= M ∈ R-mod contains a decisive submodule and D = P .
4. Artinian and semiartinian rings
A well known result from the theory of commutative rings (Akizuki’s Theorem) asserts that a commutative
noetherian ring R is artinian if and only if Spec(R) does not contain chains with more than one element. It is known
that this result fails in the non-commutative case. In this section we will use the set D instead of Spec(R) in order to
obtain a result similar to Akizuki’s Theorem in the non-commutative context.
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Proposition 4.1. The following conditions are equivalent.
(1) The family D does not contain chains with more than one element.
(2) Every decisive module contains a simple submodule.
Proof. (1)⇒ (2) Let D be a decisive module. We can assume that D is cyclic. Now, let H be a maximal submodule
of D. Since D is decisive, then D ∈ Tχ(D/H) or D ∈ Fχ(D/H). Notice that the first case is not possible. So
D ∈ Fχ(D/H), hence χ(D/H) ≤ χ(D). Since D/H is a simple module, then χ(D/H) ≤ χ(D) is a chain in D.
Therefore χ(D/H) = χ(D) by (1). So there exists a monomorphism from D/H to D. This proves (2).
(2)⇒ (1) Let D1 and D2 be decisive modules such that χ(D1) ≤ χ(D2). By (1), D1 contains a simple submodule
S1 and D2 contains a simple submodule S2. So χ(S1) = χ(D1) and χ(S2) = χ(D2). Therefore χ(S1) ≤ χ(S2). From
this we obtain S1 ∼= S2. Thus χ(D1) = χ(S1) = χ(S2) = χ(D2). 
As a consequence we obtain the following characterization of left semiartinian rings in terms of the family D.
Corollary 4.2. The following conditions are equivalent for a ring R.
(1) R is a left semiartinian ring.
(2) (i) D does not contain chains with more than one element.
(ii) Every 0 6= M ∈ R-mod contains a decisive submodule.
(3) (i) D does not contain chains with more than one element.
(ii) R has left D-dimension.
Theorem 4.3. Let R be a left noetherian ring. Then the following conditions are equivalent.
(1) R is left artinian ring.
(2) D is the set of coatoms in R-tors.
Proof. (1) ⇒ (2) Since R is left artinian, then R is left semiartinian. Therefore the set of coatoms in R-tors
is {χ(S) | S is a simple left R-module}, and every decisive module contains a simple submodule. Thus D =
{χ(D) | D is decisive} = {χ(S) | S is simple}.
(2)⇒ (1) Since D is the set of coatoms in R-tors, then D does not contain chains with more than one element. So
every decisive module contains a simple submodule by Proposition 4.1. Inasmuch as R is left noetherian, then every
proper element of R-tors is a specialization of a coatom of R-tors by [6, Proposition 35.1]. Now, let 0 6= M ∈ R-
Mod. Then there exists a simple left R-module S such that χ(M) ≤ χ(S). So S is isomorphic to a submodule of M .
Therefore R is left semiartinian ring and hence artinian. 
Other non-commutative versions of Akizuki’s Theorem can be seen in [11,12].
References
[1] T. Albu, G. Krause, M. Teply, Bijective relative Gabriel correspondence over rings with torsion theoretic Krull dimension, J. Algebra 243
(2001) 644–674.
[2] E. Barbut, W. Brandal, Localizations of torsion theories, Pacific J. Math. 107 (1) (1983) 27–37.
[3] J. Castro, J. Rı´os, M. Teply, Torsion theoretic dimensions and relative Gabriel correspondence, J. Pure Appl. Algebra 178 (1) (2003) 101–114.
[4] J. Castro, F. Raggi, J. Rı´os, J. Van den Berg, On the atomic dimension in module categories, Comm. Algebra 33 (2005) 4679–4692.
[5] J.H. Cozzens, Homological properties of the ring of differential polynomials, Bull. Amer. Math. Soc. 76 (1970) 75–79.
[6] J. Golan, Torsion Theories, Longman Scientific & Technical, Harlow, 1986.
[7] J. Golan, H. Simmons, Derivatives, Nuclei and Dimensions on the Frame of Torsion Theories, Longman Scientific & Tecnical, Harlow, 1988.
[8] K. Goodearl, Incompressible critical modules, Comm. Algebra 8 (19) (1980) 1845–1851.
[9] R. Gordon, J.C. Robson, The Gabriel dimension of a module, J. Algebra 29 (1974) 459–473.
[10] W.J. Lewis, The spectrum of a ring as a partially ordered set, J. Algebra 25 (1973) 419–434.
[11] G. Michler, Goldman’s primary decomposition and the tertiary decomposition, J. Algebra 16 (1970) 129–137.
[12] N. Popescu, Le spectre a` gauche d’un anneau, J. Algebra 18 (1971) 213–228.
[13] B. Stenstrom, Rings of Quotients, in: Die Grundlehren der Math. Wiss. in Eizeld, vol. 217, Springer, Berlin, 1975.
